Abstract. In this article, we gave a description of the Mori cone of curves of the projective bundle P(E) over a smooth irreducible projective surface X. Using this, we have calculated the Nef cone of P(E) over X in some cases under some suitable hypothesis on X as well as on the bundle E.
Introduction
A fundamental invariant of a complex projective variety X is its cone of nef divisors, Nef (X). The study of nef cones is a classical subject in algebraic geometry and still an active research area. By [10] , nef cone has several equivalent characterizations, viz. it is the dual of Mori cone of curves and the closure of cone of ample line bundles on X. Also, the ample cone being the interior of the nef cone, the information about nef cone can be used to give embedding of X in projective spaces. These cones have been calculated for a wide class of varieties over the last few years. See [12] (Section 1.5), [7] , [4] , [15] , [11] for more details.
CASE II: When X has Picard rank 1 and E is completely decomposable rank r vector bundle on X ( See corollary 4.2).
CASE III: When Mori cone of curves in X is a finite polyhedra ( e.g., Del Pezzo surfaces, rational surfaces etc. ) and E is a completely decomposable vector bundle of rank r on X ( See Theorem 4.3 ).
CASE IV : When Mori cone of curves in X is a finite polyhedra and E is a semistable vector bundle on X with vanishing discriminant ( See Theorem 4.4).
Note that, according to Theorem 1.4 in [5] , a vector bundle E of rank r on a smooth complex manifold X is semistable and discriminant △(E) = 0 iff the bundle E ⊗ det(E * ) r is nef. Our result in CASE IV verifies this statement.
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Preliminaries
All the algebraic varieties we consider are assumed to be irreducible and defined over the field of complex numbers, C. In this section, we recall the definition and basic properties of nef bundles. We refer the reader to [12] and [13] for more details. In this paper, we have used the same notations and conventions for algebraic cycles that have been used in [6] .
2.1. Algebraic cycles and Hodge Conjecture. Let X be a variety of dimension n and Z k (X)( respectively Z k (X)) denote the free abelian group generated by k-dimensional ( respectively k-codimensional ) subvarieties on X. The Chow groups A k (X) are defined as the quotient of Z k (X) modulo rational equivalence. Let D be an effective Cartier divisor on X, and let i : D ֒→ X be the inclusion. There are Gysin homomorphisms, i * :
defined by the formula
When X is a smooth irreducible projective variety, we denote , A k (X) := A n−k (X). Then, the chow ring A * (X) := n k=0 A k (X) has a graded ring structure induced by the intersection form. Consider the cycle class map, c :
denote the image of c by H 2k (X, R) alg . We say a cycle Z ∈ Z k (X) ⊗ R is numerically trivial if
This induces a perfect pairing,
R is a graded R-algebra with multiplication induced by the intersection form.
We identify H 2k (X, R) with a subgroup of H 2k (X, C). Then, Hodge conjecture is said to hold true for a smooth projective variety
See [2] for details on Hodge Conjecture. If Y is any smooth irreducible projective variety of dimension n and X = P(E) is a projective bundle over Y for some rank r vector bundle E on Y , then A * (X) is the A * (Y )-algebra generated by ζ = c 1 (O P(E) (1)) subject to the relation
Similarly, N(X) R is also finitely generated N(Y ) R algebra. Note that, if Hodge Conjecture holds true for a smooth projective variety X, then, Hodge Conjecture also holds true for any projective bundle P(E) over X where E is any vector bundle over X ( See [1] and [2] ).
Nef cone :
A line bundle L over a smooth irreducible projective variety X is called
The intersection product being independent of numerical equivalence class, one can talk about nef classes in real Néron Severi group N 1 (X) R . The convex cone of all nef R-divisor classes in N 1 (X) R is called the nef cone , and is denoted by Nef (X) ⊆ N 1 (X) R . The Mori cone of curves or cone of curves, NE(X) ⊆ N 1 (X) R is the cone spanned by the classes of all effective 1-cycles on X i.e.,
Its closure NE(X) ⊆ N 1 (X) R is the closed cone of curves on X. By Proposition 1.4.28 in [12] ,
3. Cone of Curves on Projective Bundles over a surface Proposition 3.1. Let X be a smooth projective variety, E be a vector bundle on X and P(E) be the corresponding projective bundle. Let C be any smooth curve in X and i : C ֒→ X be the inclusion map. Consider the following commutative diagram,
Then, the map j : P(E| C ) −→ P(E) is an inclusion and j
Proof. This results follows from Proposition II 7.12 in [8] .
Proposition 3.2. Let C be an irreducible curve and F be a vector bundle of any rank over C. LetC be the normalization of C and η :C → C the normalization map. Consider the following commutative diagram,
Then, we have the following bijective correspondence,
which are not inside any f ibre of πc
irreducible curves in P(F ) which are not inside any f ibre of π c
′ is an irreducible curve not contained in any fibre of πc} and
First, we will define maps Φ : A → B and Ψ : B → A and we will show Ψ • Φ = id A and Φ • Ψ = id B . From the commutativity of the above diagram, for any
not contained in a fibre of π c . Thus, image of an irreducible set being irreducible,
Hence, we define Φ(
Clearly, from the construction, η
) and both are irreducible curve.
This proves the bijective correspondence between two sets A and B.
Remark. As η :C −→ C is a birational morphism, except at finitely many points, they are isomorphic i.e U ≃ η(U) for some open subsets U ⊆C. Similarly, η c :
a birational morphism and except finitely many fibre of πc and π c , they are isomorphic i.e π
. Also, a generic fibre of πc map to a generic fibre of π c .
Let X be a smooth projective surface over C and E be a vector bundle of rank r over X. Consider the projectivisation map π : P(E) → X and let ξ := [O P(E) (1)] ∈ N 1 (X) R be the numerical equivalence class of the tautological line bundle of P(E).
We want to calculate NE(P(E)) with respect to a basis of N 1 (P(E)) R . LetC be an irreducible curve in P(E) which is not contained inside any fibre of π. Then, C := π(C) also an irreducible curve in X.
Consider the following commutative diagram where i and j are inclusions andC is the normalization of C along with the normalization map φ :C −→ C.
Note that, P(φ * (E| C )) and P(E) are smooth varieties of dimension r and r + 1 respectively.
Let us consider the maps,
and the projectivisation map, πc : P(φ * (E| C )) −→C over the smooth curveC. Let ξc and fc be the numerical equivalence classes of the tautological line bundle
and fibre of the map πc respectively. Then, the map ψ c induces the map ψ
) R between the Néron Severi groups as follows :
where
R are generated by degree one classes i.e. elements of this groups are real linear combinations of numerical class of divisors and their complete intersections. Hence, the map ψ c also induces the following map,
as follows:
fc for all 1 ≤ p ≤ M, and ψ
Clearly, the set {ξ
) . Now, we want to define a vector space homomorphism,
satisfying the following conditions:
if C ′′ = a i C i is an effective curve in P(φ * (E| C )) where a i ≥ 0 and C i are irreducible curves not contained in any fibre of πc, then (ψ
will be an effective curve in P(E)
in such a way that (ψ
As Hodge Conjecture is true for any smooth irreducible projective surface X, it is also true for any projective bundle P(E) over it. As a consequence, we have,
for all k ≤ (r + 1) ( See [1] and [2] ).
Here P(E| C ) is an r-dimensional cycle in P(E) and [P(E| C )] be its corresponding cohomological class in H 2 (P(E), R). We know, there are cup products,
for any L ∈ (ψ ∨ is well-defined and injective.
Let V be a non-empty subset of P(E) such that
. Hence, we have the following commutative diagram,
Here, vertical arrows i 1 , i 2 , i 3 are inclusions,φ c is an isomorphism andj is an inclusion. Defineψ c :=j •φ c .
Hence, we have the following commutative diagram,
In the above diagram, the lower horizontal mapψ c * is the Gysin homomorphism induced by the inclusionψ c : P(φ
We know that Chow ring of smooth ruled varieties P(E) and P(φ * (E| C )) are generated by their linear elements. Hence, the above diagram induces following commutative diagram,
Now, we claim that if L ∈ A 2 (P(E)) which is not inside any fibre of π and ψ * c (L) is effective 1-cycle in P(φ
Let ψ * c (L) be an effective 1-cycle in P(φ * (E| C )). Then, from the above diagram
. Also, we have the following commutative diagram,
) is then an effective 1-cycle.
) . This shows that the map,
which is defined as (ψ
Also, it is clear from the above discussions that, if ψ * c (L) = C ′ is an irreducible curve in
The above discussion leads to the following result :
Theorem 3.3. Let E be a rank r vector bundle on X. With the notations as above,
where Γ is set of all irreducible curves in X.
Proof. We have already seen that the map (ψ 1 * c ) ∨ is injective and takes an effective curve (which is not contained in any fibre of πc) of P(φ * (E| C )) to an effective curve of P(E). Also, the map φ c :
P(φ * (E| C )) → P(E| C ) maps a generic fibre of πc onto a generic fibre of π c . Hence, the numerical equivalence classes of curves in a fibre of πc maps to the numerical equivalence classes of curves in a fibre of π by (ψ 1 * c ) ∨ . Hence, we conclude that, (ψ
Conversely, let [C] ∈ NE(P(E)) be the numerical equivalence class of an irreducible curveC in P(E) which is not contained in any fibre of π. Denote π(C) = C. Then,C ⊆ P(E| C ). Also, by Proposition 3.2, there exists a unique irreducible curve
. Hence, it follows,
This proves the theorem.
Nef cone of projective bundle over surfaces
Let X be a smooth irreducible projective variety of dimension n with a fixed very ample line bundle H. For a vector bundle E of rank r on X, H-slope of E is defined as, µ H (E) :=
We will call Q 1 := E l−1 /E l as the first quotient of the Harder Narasimhan filtration of E. See [9] for more details on semistability.
Let C be any curve in a smooth irreducible surface X and φ :C → C be its normalization. We fix some notations in what follows. Denote l c := deg(φ
1 is the slope of the first quotient of the Harder Narasimhan filtration of φ * (E| C ).
Theorem 4.1. Let X be a smooth irreducible projective surface with Picard rank 1 and P ic(X) = Z · O X (H) for some very ample divisor H on X. Let E be a vector bundle of rank r on X such that aµ
1 for all irreducible curve C ∼ aH in X. Let ξ and F be the numerical classes of O P(E) (1) and the fibre of the map π : P(E) −→ X respectively .Then,
( Here µ H 1 is the slope of the first quotient of the Harder Narasimhan filtration of φ * (E| H ) ).
Proof. Let C ∼ aH be an irreducible curve in X and φ :C −→ C be its normalization. Then, by Lemma 2.1 in [7] , Nef (P(φ
, where Γ is the set of all irreducible curves in X.
Note that, {ξ r−1 π * H, ξ r−2 F } forms a basis for N 1 (P(E)) R . Considering the dual basis
R and using duality, we get,
As a corollary to Theorem 4.1, we have the following :
Corollary 4.2. Let X be a smooth irreducible projective surface with picard rank 1 and
Theorem 4.3. Let X be a smooth irreducible projective surface such that NE(X) = R ≥0 C 1 + R ≥0 C 2 +····+R ≥0 C n for numerical equivalence classes C 1 , C 2 , ····, C n of some irreducible curves in X. Let E = L 1 ⊕L 2 ⊕····⊕L r be a completely decomposable vector bundle of rank r on X. Let ξ and F be the numerical classes of O P(E) (1) and the fibre of the map π : P(E) −→ X respectively Then, NE(P(E)) is generated by {ξ r−2 F, (ξ r−1 π
Applying duality, we get Nef (P(E).
Proof. Let C be an irreducible curve in X numerically equivalent to n i=1
x i C i for x i ∈ R ≥0 for all i and let φ :C −→ C be its normalization. Then, by Lemma 2.1 in [7] ,
Note that,
Hence, By Theorem 3.3,
This shows that NE(P(E) is generated by {ξ r−2 F, (ξ r−1 π
Now, we have N 1 (P(E) generated by the set {ξ, π * C i | 1 ≤ i ≤ n}. Note that this is a generating set of N 1 (P(E) which may not be a basis of N 1 (P(E). To avoid the extended calculation, we are considering this generating set instead of basis. We have the following intersection product :
Then, L = y 0 ξ + Theorem 4.4. Let X be a smooth irreducible projective surface such that NE(X) = R ≥0 C 1 + R ≥0 C 2 + · · · · +R ≥0 C n for numerical equivalence classes C 1 , C 2 , · · ··, C n of some irreducible curves in X. and E be a semistable vector bundle of rank r on X with discriminant, △(E) = 2rc 2 (E) − (r − 1)c
Proof. Applying Theorem 1.2 in [3] or Theorem 1.4 in [5] to the map i • φ :C −→ C ֒→ X in our case, we get, φ * (E| C ) is also semistable for every curve C in X. Using Lemma 2.1 in [7] and applying duality, we get, NE(P(φ * (E| C ))) = R ≥0 (ξ 
